Abstract. In this paper, we prove the moduli spaces of genus zero stable log maps to good wonderful compactifications of sober spherical varieties are irreducible and unirational.
Introduction
Throughout this paper, we work over an algebraically closed field of characteristic zero, denoted by C.
1.1. Background and main result. Let X be a fine and saturated log scheme. A stable log map to X over a log scheme S is given by the following data:
(C → S, f : C → X, p 1 , · · · , p n ) where
(1) C → S is a family of log curve with markings p 1 , · · · , p n , see [Kat96, Ols07] ; (2) f : C → X is a morphism of log schemes; (3) the underlying map f : C → X obtained by removing log structures of f is stable in the usual sense. The arrows between stable log maps are defined by cartesian diagram in the category of log schemes. We thus obtain M Γ (X) the category of stable log maps with discrete data Γ fibered over the category of log schemes. Here Γ = (g, n, β, {c i } n i=1 ) consists of the genus g of the source curve, the curve class β of the underlying stable map, the number n of marked points, and the contact orders c i for the i-th marked point. The contact order describes the tangency condition of the stable log map f with the boundary of X along the marked point.
The theory of stable log maps has been established in a sequence of papers [GS13, Che14, AC14, ACMW14, Wis]. The fibered category M Γ (X) is shown to be represented by a Deligne-Mumford stack with the natural fine and saturated log structure, and is proper when the underlying scheme X is projective.
In case the target X is log homogeneous and g = 0, the stack M Γ (X) is log smooth and receives its most beautiful geometry. An example when X is given by a toric variety with its toric boundary is provided in [CS13] , where the stack M Γ (X) of two-pointed genus zero stable log maps to X is shown to have its coarse moduli given by the Chow quotient of X. The goal of the current paper is to provide the following interesting properties in the log homogeneous situation: Theorem 1.1. Let G be a semi-simple linear algebraic group over C, and H ⊂ G be a sober spherical subgroup. Let X be a log smooth variety associated to the wonderful compactification of G/H, such that X is good, see Definition 2.9. For any discrete data Γ = (g = 0, n, β, {c i } n i=1 ), the coarse moduli space associated to the underlying stack of M Γ (X) is irreducible and unirational.
by considering the maximal degeneration via a general torus action. The above result may be viewed as a generalization of their result in the logarithmic setting.
In this paper, we again consider a general torus action on the stack M Γ (X) induced via its action on the target X. In Section 2, we study the maximal degeneration of underlying stable maps in X under the give torus action. This is quite similar to the situation of [KP01] . However, not every underlying stable log map can be lifted to stable log maps, since the canonical morphism M Γ (X) → M Γ (X) to the stack of underlying stable maps is not surjective in general. This is a major technique difficulty of stable log maps. In Section 3, we show that the maximal degenerate underlying stable map in question admits a unique logarithmic lifting. Assumption 2.7 is crucial for the uniqueness of the lifting.
In Section 4, we provide the proof of Theorem 1.1 by investigating the maximal Bialynicki-Birula cell of M Γ (X) under the given torus action. Note that the stack M Γ (X) is only log smooth along the fixed locus, and could have toric singularities in general. We thus pass to an equivariant resolution of the Bialynicki-Birula cell. An analysis of the log structure along the fixed locus is given for the desingularization to be unirational. Remark 1.3. A classification of possible curve classes and contact orders for stable log maps to good wonderful compactifications can be found in our previous paper [CZ14] . A further study of genus zero log Gromov-Witten invariants for wonderful compactifications will require a much more detailed analysis of all Bialynicki-Birula cells. We wish to carry this out in our future work.
1.2. Notations. All log structures in this paper are assumed to be fine and saturated. We refer to [Kat89] for the basics of logarithmic geometry that will be used in this paper. Capital letters such as C, S, X, Y , and Z are reserved for log schemes. The corresponding underlying schemes are denoted by C, S, X, Y , and Z respectively.
Given a log scheme X, a stable log map to X is usually denoted by f : C/S → X where C → S is the family of source log curves. When S is a geometric point with the trivial log structure, we will simply write f : C → X. For each discrete data
), let M Γ (X) be the stack of n-marked, genus zero stable log maps with curve class β ∈ H 2 (X), and contact order c i along the i-th marking. Write Γ = (g = 0, n, β) by removing contact orders from Γ.
Throughout this paper, we fix a simply connected semisimple linear algebraic group G over C, and a Borel subgroup B ⊂ G with the maximal torus T ⊂ B. Denote by X * := X * (T ) and X * = X * (T ) the character and cocharacter groups of T respectively. Consider a sober spherical subgroup H ⊂ G. This means that G/H is a spherical variety and N G (H)/H is finite. Let X be the wonderful compactification of G/H. Denote by X the log smooth varieties associated to the pairs (X, ∆ = X G/H) with the natural G-action, see [CZ14, Proposition 5.4] .
Let Y be the unique closed G-orbits of X. Note that Y = G/P for some parabolic subgroup P ⊂ G. Denote by Y ⊂ X the strict closed sub-log schemes with the underlying structure Y . Jason Starr, Michael Thaddeus, and Xinwen Zhu for their useful discussions. A large part of our work has been done while the first author's visit of the Math Department in the University of Utah in February 2014. We would like to thank the Utah Math Department for its hospitality.
2. Specialization of underlying stable maps 2.1. Torus invariant curves and divisors in X. Throughout this paper, we fix a general one-dimensional torus λ : G m → T given by a regular coweight λ ∈ X * (T ). Let X λ be the set of fixed points with the torus action given by λ. We then have
Note that X λ is a set of finite points with the reduced scheme structure. For any closed subscheme Z ⊂ X λ , we introduce 
Then by Bialynicki-Birula decomposition, U is an open subscheme of X whose completement is of codimention at least 2.
A specialization of non-degenerate underlying stable maps.
We consider the following situation:
Notation 2.3. Let f : C → X be a genus zero usual stable map with discrete data Γ induced by Γ as in (1.2.1) with the following properties:
(1) C ∼ = P 1 , and In particular, the stable map f lifts to a unique stable log map f : C → X.
Consider the usual stable map f : C → X as in Notation 2.3. We may assume that
with non-negative integers k i for all i.
Consider the general G m -action λ as in the beginning of Section 2.1. Denote by f 0 : C 0 → X the limit of the underlying stable map f when t → ∞ under the G m -action.
Notation 2.4. To construct such f 0 , we introduce a underlying prestable mapF : C 1 → X as follows:
, where P i,j ∼ = P 1 is attached to C at x i,j ; (2) All marked points on C 1 is given by the markings on C;
Lemma 2.5. Let f be the stable map as in Notation 2.3. Then the limit underlying stable map f 0 is given by the stabilization ofF .
Proof. The proof is similar to that of [KP01, Proposition 2]. For completeness, we record it below. Consider the family of underlying stable maps h : G m × C → X given by the G m -action. By the local structure theorem of wonderful compactifications, see for example [CZ14, Theorem 5.5], we could extend h to a morphism of usual schemes:
Let S → A 1 × C be a suitable blow-up along the isolated nonsingular points {0 × x ij }, we obtain a morphism
Denote by E i,j the exceptional divisor over x i,j . Since the limits of f (x i,j ) at t → ∞ under the fixed G m -action is x − i , the image h 0 (E i,j ) contains both x − i and x − . Note that the torus action does not change the cross-ratio of the set of points {x i,j }. Since f intersects transversally with D i at x i,j , we conclude that h ′ (C i,j ) = P i . Thus, after further birational transformations of S, we may assume that firstly S → A 1 is a family of nodal curves; and secondly each C i,j is a irreducible rational component. This proves the statement. ♠
We then summarize our discussion as follows: (1)F is stable, and f 0 =F ; or (2) i k i = 1, n ≤ 1, and f 0 is given by P 1 → P i with the marking mapped to x − ; or (3) i k i = 2, n = 0, and f 0 : P 1 ∪ P 1 → P i ∪ P j for some i, j, with the unique node mapped to x − .
Proof. This follows from Lemma 2.5, and taking the stabilization of F . ♠ 2.3. Curves supported on the center. In general, the torus fixed points x − j for j = 1, · · · , l as in Section 2.1 do not necessarily lie in the center Y . Thus, the limit underlying stable map f 0 does not necessarily factors through the center Y . In this case, the analysis of the possible stable log maps over f 0 becomes quite complicated. In fact, the uniqueness of Proposition 3.1 could fail when f 0 does not factor through Y . We therefore introduce the following condition for the curve class β as in (2.2.1):
Lemma 2.8. Under Assumption 2.7, the underlying stable map f 0 factors through the center Y .
Proof. This follows from the fact that the curve
We recall that the following conception introduced in [CZ14]:
Definition 2.9. X is called good if there exists a regular coweight λ :
Note that any curve class satisfies Assumption 2.7 if X is good. Assumption 2.7 will be assumed throughout the rest of this paper.
3. Specialization of stable log maps 3.1. Uniqueness of the lifting. We have analyzed the specialization of the underlying stable map f in Notation 2.3 under the given G maction. Note that the underlying stable map f uniquely determines a stable log map f . Thus by the properness of M Γ (X), such limit as stable log maps exists, and is unique. But for our purposes, we need to understand all possible liftings over the limiting underlying stable map in Notation 2.4 as a stable log maps. We first show that In what follows, we will mimic [AC14, Section 4.1], and reformulate the minimal monoid in a slightly different manner for the convenience of our argument. It should be straight forward to verify that the following is equivalent to the definitions in [AC14, GS13] in our particular case. (1) For each v ∈ V (Φ) we associate the monoid M v := M.
(2) For each e ∈ E(Φ) we associate the free monoid N e ∼ = N. We use e to denote the generator of N e . (3) We fix an orientation on the graph as follows. If f 0 =F , then each edge e is oriented from the teeth P ij to the handle C. Otherwise, C 0 has at most two components, in which case we fix an arbitrary orientation of the unique edge. Consider the second statement. We first assume that f 0 =F . Consider the vertex v 0 associated to the handle of C 0 . Then for any other vertex v, there is a unique edge e orienting from v to v 0 . Then the relation (3.1.2) uniquely expresses δ v = δ v 0 − c e (δ) · e for any δ, which proves (2) in this case. The two other cases in Proposition 2.6 can be proved similarly. ♠ Proof of Proposition 3.1. By Lemma 3.3 and (3.1.3), we have the canonical map of monoids:
e N e → M(Φ).
Denote by C ♯ 0 → S ♯ the canonical log curve associated to the underlying curve C 0 . We then fix a chart γ ♯ : e N e → M S ♯ . Since C 0 → S is obtained by pulling back C ♯ 0 → S ♯ , and S is a geometric point, we may assume that
This naturally associated with a morphism of log structures M S ♯ → M S , which is unique up to a unique isomorphism by Lemma 3.3(2). This defines the log curve C 0 → S up to a unique isomorphism together with a chart γ S : M(Φ) → M S . Now assume that we have two liftings f 01 : C 0 /S → X and f 02 : C 0 /S → X over f 0 . We need to verify that f 01 and f 02 is differ by an isomorphism of C 0 /S. We first notice that the two morphismsf
M X → M C 0 on the level of characteristic monoids coincide. This is because the discrete data of f 01 and f 02 are given by the same marked graph Φ. We may denote bothf
Next consider the quotients q X : M X → M X and q C 0 : M C 0 → M X 0 . For any δ ∈ M, we obtain two O * -torsors
over C 0 . For each i, we obtain an isomorphism of torsors:
Since those are isomorphisms of the same torsors over a proper curve, we have
for a non-zero constant u δ uniquely determined by δ, f 01 , and f 02 . This defines a map of sets:
In fact, it is not hard to see that h is a morphism of groups. By Lemma 3.3(2), the chart γ S induces a morphism of groups
Then we obtain a morphism of groups
Thus the restrictionh :=h gp | M S defines an isomorphism of the log structure M S . Furthermore, sinceh fixes the image γ S ( e N e ), it induces an isomorphism of the log curve C 0 /S. Denote byh C 0 : M C 0 → M C 0 the isomorphism induced byh. Then (3.1.7) and the construction ofh imply that
Thus the log maps f 01 and f 02 is differ by an isomorphism of C 0 /S. The uniqueness ofh follows from the uniqueness of u δ as in (3.1.7). First notice that the discrete data of f 0 is uniquely determined by the marked graph Φ associated to underlying stable map f 0 as in Construction 3.2. Since M Γ (X) = ∅, there is a stable log map with the marked graph Φ. This implies that the monoid in (3.1.4) is sharp. The same construction in (3.1.5) uniquely determines the log curve C 0 /S up to a unique isomorphism. Since the underlying stable map is given, it remains to construct morphism of log structures f
Since on the level of characteristic sheaves monoids, the morphism f
gp is equivalent to construct isomorphisms of torsors for each δ ∈ M gp . Hence to construct (f We notice that for each contact marking q j , its image lies in a Gorbit, say O j . Since the complement of X − ∩O j in O j is of codimension greater or equal than one. Applying Kleiman-Bertini Theorem again, condition (4) can be achieved for contact markings by further shrinking V . ♠ Consider the following condition
Under this assumption, the mapF in Notation 2.4 is stable. Consider the quasi-projective variety (4.1.2) M = M 0,n+ i k i parameterizing (n + i k i )-distinct points over a smooth genus zero curves. The markings are labeled by
Let S k i be the symmetric group acting on M by permuting the markings x i,1 , · · · , x i,k i . Denote by B = M/S the quotient with S given by the product
As observed in [KP01, Section 4], when i k i ≥ 3 the quotient B is birational to the quotient
where the latter is rational by [Bog86, Kat84] . Proof. Let M(Φ) ⊂ M Γ (X) be locally closed substack consisting of stable log maps with the marked graph Φ as in Construction 3.2. Since M Γ (X) is log smooth, the stack M(Φ) has smooth underlying structure. Let M λ,∞ ⊂ M(Φ) be the torus fixed locus consisting of the limits of general stable log maps as in Notation 2.3 under the torus action. Thus, M λ,∞ also has smooth underlying structure. Lemma 3.4 implies the tautological morphism G : M λ,∞ → B between two smooth stacks are one-to-one on the level of closed points.
Denote by M ⊂ M λ,∞ the fiber over the automorphism free locus of B. Then the restriction G| M is representable by the representability of [AC14, Corollary 3.13], since in this case the underlying stable maps of the log maps in M λ,∞ is automorphism free.
The cases when B has stacky locus only occur when the equality in (4.1.1) holds. Since B parametrizes the underlying stable maps of the the log maps in M λ,∞ , the stackyness of B corresponding to the automorphism of the underlying stable maps. Note that this automorphism comes from subgroups of (4.1.3), hence perserves the discrete data of Φ. Thus we could lift the automorphism of the underlying stable maps to the corresponding log stable maps. One could also see the existence of such lifting of automorphisms from the quotient construction using the rigidification (4.2.1) in the next section. Thus the morphism G induces an isomorphism of the automorphism groups. This implies that G is an isomorphism, whose inverse is the embedding F as in the statement. ♠ 
Then M λ is an irreducible log smooth stack. This means that the underlying stack of M λ has possibly toric singularities. To analyze the toric singularities, we first replace M λ by anétale cover to remove the monodromy of the log structure along the fixed locus M λ,∞ as follows. Consider the discrete data Γ ′ obtained by adding extra markings (4.2.1)
the dense open substack of automorphism free locus. We consider the locally closed substack
such that any maps f in M ′ intersects D i transversally at the markings
We observe that M ′ is log smooth, and the stack quotient [M ′ /S] is birational to M λ , where the symmetry group S acts by permuting the markings (4.2.1) as in (4.1.3).
Consider Proof. Since any log structure on a geometric point is Zariski, it suffices to prove the statement under the assumption (4.1.1). For simplicity, we write S = M ′ λ,∞ . By Lemma 3.3 and the strictness of (4.2.3), the sheaf of groups M gp S is a locally constant sheaf on S. To proof the statement, it suffices to verify that M gp S , hence M S is globally constant. Denote by f S : C S /S → X the universal family of stable log maps over S. Let σ ⊂ C S be the section over S given by a fixed special point on the handle of each fiber. Note that σ could be either node or marking. We next assume σ is a node. The case σ is a marking can be proved similarly.
Let C ♯ S → S ♯ the canonical log structure associated to the underlying family of C S → S. By Lemma 4.4, both M C ♯ S and M S ♯ are Zariski. In fact, M S ♯ = e N e is a globally constant sheaf given by the product of the canonical log structure smoothing each node of the underlying family C S → S by [Ols03] , Hence M C Proof. Under the assumption of the statement, the group S is trivial. ♠
